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Abstract

This paper presents a mathematical model dedicated to fluidized bed incineration of sludge. The main assumptions as well as the principal
equations of the model are presented. Basically, this model relies on instantaneous pyrolysis of sludge and on a five zones description of the
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ydrodynamics into the incinerator. Its originality is essentially due to the introduction of a two-dimensional buffer zone between the bubble and
he emulsion phase. The chemistry of the gaseous system is described by chemical equilibrium. Results of a start up procedure have been presented
n order to illustrate the ability of the model to describe transient behavior. To validate the model from an energetic point of view, different types
f sludge (primary, activated and digested) have been computed and compared to industrial data and to results obtained from a simple calculation.
he lower dryness limit corresponds to self incineration of the sludge. The higher one corresponds to maximal thermal level that should not be
xceeded within the furnace.

2005 Elsevier B.V. All rights reserved.
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. Introduction

One of the main drawbacks of wastewater treatment processes
either urban or industrial) is the by-production of sludge. As an
xample, approximately 9 Mt of sludge (expressed in dry mat-
er) were produced in Europe in 1998 [1]. Up to now, landfill
as playing a major role in the disposal of these wastes. How-

ver, because of the public awareness of environmental issues as
ell as European regulation, other treatments have to be used for

heir processing. Among these processes, one issue is to burn the
ludge in incinerator (in 1998, 1 Mt, dry matter, has been burnt all
ver Europe in 1998 [1]) using either specific furnaces or munic-
pal solid waste incinerators for co-incineration. Although it is
convenient way to reduce the volume and mass of the incom-

ng fluxes, and to a lower extent, to recover energy, incineration
as to be highly controlled in order to make it a clean tech-

∗ Corresponding author. Tel.: +33 559 407 809; fax: +33 559 407 801.
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ethi.zagrouba@isste.rnu.tn (F. Zagrouba).

nology, compatible with sustainable development. To enhance
the knowledge about the complexes processes that occur within
such devices, and to improve their mode of operation, accurate
mathematical models are required in order to predict tempera-
ture and composition profiles inside incinerators as well as at
their outputs.

Because fluidized beds (Fig. 1) are known to be very efficient
for sludge incineration [2], this study focuses on the modeling
of these devices. Such models have already been derived both
for coal combustion or gasification [3–10] as well as for biomass
and sludge incineration or gasification [11–14]. One of the main
drawbacks of these models is that the reactor is often considered
as isothermal and/or to operate at stationary conditions. This is
the reason why our final goal is to propose a detailed model
able to catch all the information required by the prediction of
transient incineration and gasification of sewage sludge. Such
a model has already been derived in the case of incineration of
municipal solid waste by Marias et al. [15,16]. One of the main
interest of their model relies on a two-dimensional description
of the film between the bubbles and the emulsion zone which
allows a better estimation of volatile combustion and hence of the
304-3894/$ – see front matter © 2005 Elsevier B.V. All rights reserved.
oi:10.1016/j.jhazmat.2005.11.068
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Nomenclature

a specific area of the bed (m−1)
Aech total exchange area in the bed (m2)
Ac cross-sectional surface of the bed (m2)
cpi constant pressure specific heat of i (J kg−1 K−1)
D diffusion coefficient (m2 s−1)
F1 mass flow rate in the carry over (slag) (kg s−1)
F2 mass flow rate elutriated (ashes) (kg s−1)
f auxiliary function
h heat exchange coefficient (W m−2)
h◦

f,i standard enthalpy of formation of i (J kg−1)
hrp heat exchange coefficient of reactive particles

(W m−2)
hsd heat exchange coefficient of sand (W m−2)
H total enthalpy (J kg−1)
K equilibrium constant
Lbed expanded bed height (m)
Ldis height of the disengagement zone
Lpost height of the post-combustion zone
ṁ0 mass flow rate of carbon particle in the equivalent

input (kg s−1)
ṁair,sec mass flow rate of secondary air (kg s−1)
ṁgas mass flow rate of auxiliary gas (kg s−1)
ṁvol mass flow rate of volatiles issued from pyrolysis

of waste (kg s−1)
M molar weight (kg mol−1)
P0 Atmospheric pressure (Pa)
r carbon particle radius (m)
R chemical reaction rate (kg m−3 s−1) or enthalpy

reaction rate (J m−3 s−1)
R̄s average specific reaction rate for a carbon particle

inside the bed (kg m−2 s−1)
T absolute temperature (K)
Ta temperature of the air (K)
Tc temperature of reactive particles (K)
Tref reference temperature (298 K)
U0 superficial fluidization velocity at ambient condi-

tions (m s−1)
U(z) superficial velocity inside bubble zone (m s−1)
U1 equivalent fluidization velocity (m s−1)
Umf incipient fluidization velocity (m s−1)
Wc total mass of reactive particles (carbon) within the

furnace (kg)
y transversal space co-ordinate in the buffer zone

(m)
Y chemical species mass fraction
z height above the distributor (m)
Z chemical element mass fraction

Greek symbols
αrp ratio of mass of carbon in the disengaging zone

to bed one
αsd ratio of mass of sand in the disengaging zone to

bed one

β ratio of mass flow rate of volatile released in the
disengagement zone

γ ratio of mass flow rate of secondary air released
in the disengagement zone

δ buffer zone thickness (m)
εb volume fraction of the bed occupied by bubbles
εd porosity in the disengaging zone
εmf porosity at incipient fluidization
�rH enthalpy of reaction (J kg−1)
Λ coefficient in the heterogeneous reaction
ξ arbitrary variable (either mass fraction or total

enthalpy to weight)
ϕ carbon particle size distribution in the furnace

(m−1)
ϕ0 initial waste particle size distribution (m−1)
ϕvol specific mass flow-rate of volatiles from emulsion

to buffer (kg m−2 s−1)
ρemul density of gas in the emulsion zone (kg m−3)
ω rate of shrinkage of reactive particles (m s−1)

Subscripts
rp relative to reactive particle
c relative to carbon

Superscripts
Air relative to air
bub relative to bubble zone
buff relative to buffer zone
dis relative to disengaging zone
emul relative to emulsion zone
gas relative to extra-gas
post relative to post combustion zone
vol relative to volatile matter

Fig. 1. Fluidized bed reactor (unscaled sketch).
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maximal temperature reached within the incinerator. This model
is being modified in order to predict fluidized bed incineration
of sewage sludge. This paper presents its energetic preliminary
validation. More precisely, the choice has been made to test the
ability of the model to compute limit moisture contents of the
incoming sludge compatible with operating temperature of the
incinerator.

In a first section, the main features of the model are pre-
sented as well as the main assumptions it relies on. Then, in a
second section, the ability of the model to compute moisture
content limits for self-incineration of three different types of
sludge: primary sludge, activated sludge and digested sludge, is
discussed. Given their proximate and ultimate analysis as well
as their lower heating values, two limits have been computed:

• the lower one corresponds to the minimal temperature of
850 ◦C that must prevail within the furnace in order to satisfy
environmental regulation and to achieve complete combus-
tion of sludge;

• the higher one is linked to the melting point of flying ashes.
Indeed, above 1100 ◦C, ashes are expected to melt and then
to stick on the wall of the furnace, what could, damage its
refractory lining.

The results of the model are tested in comparison to results
obtained assuming the fluidized bed incinerator to be a com-
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the maximal temperatures, which can be encountered within the
bed, are expected to prevail. Tracking of these high temperature
zones is very important to simulate the production of pollu-
tants that are under kinetic control. Nitrogen oxides fall within
this category. When heat and mass transfer between emulsion
and bubbles is predicted according to global transfer coefficients
(two phases’ theory), such a tracking is not possible. To take into
account these different aspects, a third zone (the buffer zone)
[15,16,18] is considered. It was described as a two-dimensional
region where both transport under diffusion and convection pro-
cesses occur and allowed a more accurate description of the bed
behavior during the process.

The freeboard of the bed is described by two completely
stirred tank reactors. The first one corresponds to the transport
disengagement height. Its thermal level and chemical composi-
tion depends on the presence of solid particles (sand and reactive
particles). The second one corresponds to the post combustion
zone, which is located above the disengagement region. It is
completely free of solids. Figs. 2 and 3 give further information
on this hydrodynamic modeling.

2.2. Assumptions for the model

The following assumptions are made for the model:

• the mass of sand present in the bed is supposed to be constant

•

•

•

s

•

letely stirred tank reactor (CSTR) and to data from the litera-
ure. Moreover, some transient results are presented to show the
bility of the model to simulate the start up of a unit.

. Mathematical modeling

As it has been quoted in the introduction, many models have
een developed for the fluidized bed combustion (or gasifica-
ion) of char as well as for biomass and sludge. Some of these

odels deal with circulating fluidized bed combustion, which
s an extension of conventional fluidization technology. How-
ver, there is still a need for the mathematical modeling of the
n-depth bed.

.1. Hydrodynamic model

According to a hydrodynamic point of view, most of the mod-
ls in literature describe the dense bed by a two phases system
17,18]: a bubble phase (free of solids and undergoing plug flow
onditions) and an emulsion phase (which might be either a com-
letely stirred tank reactor or a plug flow, with axial dispersion
r not). Transfer between these two phases is computed from
lobal transfer coefficients that can be evaluated according to
ppropriate correlations [19]. The modeling approach presented
n this paper is slightly different and should better describe the
ituation where sludge is fed inside the bed. In this case, an
mportant part of the volatiles are expected to be released within
he emulsion zone. In bubbling regime, the main part of the pri-

ary air crosses the bed as bubbles surrounded by the emulsion.
onsequently, there is a zone surrounding the bubbles where
iffusional combustion occurs. It is precisely in this region that
during the operation;
the sewage sludge and primary air are fed at the bottom of the
Bubbling Fluidized Bed Combustor (BFBC);
the auxiliary fuel (propane C3H8), is injected in the disen-
gagement zone at a mass flow-rate ṁgas;
secondary air is supposed to be distributed over disengage-
ment and post combustion as follows:
◦ γṁair,sec in the disengagement;
◦ (1 − γ)ṁair,sec in the post-combustion.

The value of the parameter γ depends on the position of the
econdary air supply inside the incinerator.

external heat power is added or removed to the bed in order
to keep it at 850 ◦C or 1100 ◦C;

Fig. 2. Sketch of the model zones.
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Fig. 3. Overall reactor model.

• mass flow rate of sludge is fixed in order to obtain 6% of O2
in the post combustion zone.

Flash pyrolysis is still the main assumption made in the scope
of this work. The following paragraph is dedicated to this step.

2.3. Flash pyrolysis

Because of the high heating rates that prevail within flu-
idized beds, and according to numerous authors [11,12,20–30],
a flash pyrolysis of sludge is assumed to occur as soon as
the waste enters the reactor. Thus, given the proximate anal-
ysis of the sludge under consideration, the particle of sludge
is assumed to be instantaneously decomposed into its moisture
fraction, its volatilisable fraction, particles of pure carbon (cor-
responding to the fixed carbon content of the sludge) and ashes,
respectively.

The high heating value gas [2–16,20–30] is composed of light
hydrocarbons and pollutants, which are released in both emul-
sion and disengagement. More precisely, if we suppose that β

represents the fraction of volatiles released within the disengage-
ment and ṁvol the total mass flow rate of volatile matter, then

the specific mass flow of volatiles drained out of the emulsion
(in order to keep it in incipient fluidization conditions) towards
the bubbles is expressed as:

ϕvol = (1 − β)ṁvol

aAcLbed (1)

The composition of the volatiles is computed from atomic bal-
ances given the ultimate analysis of the sludge [16].

Besides, the flash pyrolysis is supposed to keep the distri-
bution size of sludge [11,14,16], i.e. the size distribution of the
reactive particles (issued from pyrolysis and composed of pure
carbon) is the same that the one of the original waste particles
(ϕ0).

2.4. Governing equations

The main mathematical equations describing the model are
the following:

2.4.1. Emulsion zone
The gas in the emulsion phase is expected to be perfectly

stirred. This is the region where a part of the heat transfer with



204 B. Khiari et al. / Journal of Hazardous Materials B135 (2006) 200–209

reactive and inert particles takes place and where flash pyrol-
ysis occurs, influencing the release of the volatiles. In fact,
some of the volatiles are released within this zone (whereas,
the other part is released at the top of the bed). Because the
emulsion zone is kept at incipient fluidization conditions, the
gas arising form the flash pyrolysis of sludge inside the emul-
sion must be drained out of this zone. This is the reason
why a net flow of gas exists from the emulsion towards the
bubble.

Using the assumption of perfect mixing within this part of
the reactor, the mass and energy conservation equations within
the zone we derived under the following form:

Acεmf
∂ρemul(1 − εb − aδ)Lbedξemul

∂t

= ρemulAc(1 − aδ)Umf[ξ
air − ξemul]

+ (1−β)ṁvol[ξ
vol−ξemul]−ρemulD

∫∫
Aech

∂ξbuff

∂y

∣∣∣∣∣
y=δ

dA

+ AcL
bed(1 − εb − aδ)εmfR

emul
ξ (2)

where ξemul stands for a state variable under inspection (mass
fraction of element, enthalpy) in the emulsion phase.

u
b

•

•
•

•

•

•

2

z
d
d

leads to pure convection in this direction).

εmf
∂ρemul aξbuff

∂t
= −ρemulaUmf

∂ξbuff

∂z
+ ϕvola

∂ξbuff

∂y

+ ρemulaD
∂2ξbuff

∂y2 + εmfaRbuff
ξ (3)

where ξbuff represents the state variable under consideration.
This equation is obtained using balances over a volume of

gas aAcεmf dy dz inside the buffer:

• Ac dy dz εmf
∂ρemul aξbuff

∂t
stands for accumulation of ξ within

the infinitesimal volume;
• ρemulaAcUmf dy(ξbuff(z) − ξbuff(z + dz)) =

−ρemulaAcUmf dy dz
∂ξbuff

∂z
stands for the net transport

of ξ by ascending fluidizing air;

• ϕvolaAc dz(ξbuff(y + dy) − ξbuff(y)) = ϕvolaAc dz dy
∂ξbuff

∂y
stands for the net transport of ξ by the transversal flow of
volatiles from emulsion to bubbles;

• −ρemulaAc dz D

(
∂ξbuff

∂y

∣∣∣
y

− ∂ξbuff

∂y

∣∣∣
y+dy

)
=

ρemulaAc dz dy D
∂2ξbuff

∂y2 stands for the net transport of ξ

by diffusion;
• aAcεmf dy dz Rbuff

ξ represents the source term of ξ within the

2

p
d

w

U

g

•

This equation states that accumulation of ξ within the vol-
me AcLbed(1 − εb − aδ)εmf of gas, held within the emulsion, is
alanced by:

the entering of ξ from the fluidizing air: ρemulAc(1 −
aδ)Umfξ

air;
the entering of ξ by the volatiles: (1 − β)ṁvolξ

vol;
the gas leaving the zone by ascending and transversal
flow (fluidizing air and volatiles from emulsion to bubble):
[ρemulAc(1 − aδ)Umf + (1 − β)ṁvol]ξemul;
the diffusive transfer of ξ at the boundary of the buffer zone:

−ρemulD
∫∫

Aech

∂2ξbuff

∂y

∣∣∣
y=δ

;

the production of ξ within the zone: AcL
bed(1 − εb −

aδ)εmfR
emul
ξ ;

The source term Remul
ξ is computed as follows:

◦ zero for all chemical element Zemul
k , except Zemul

C ;
◦ value depending upon reaction of reactive particles of pure

carbon for Zemul
C ;

◦ value imposed by kinetics data for Y emul
NO and Y emul

HCN;
◦ sum of exchange terms with the in-bed boiler (if present)

and solid particles held within the zone and value depend-
ing upon heterogeneous reaction of reactive particles inside
the zone for Hemul.

.4.2. Buffer zone
The conservation of the elements and enthalpy in the buffer

one is described by a two-dimensional parabolic convection
iffusion equation where the diffusion takes place only in the y
irection (the high value of the Peclet number in the z direction
volume;The value of the source term Rbuff
ξ is:

◦ zero for all chemical elements Zbuff
k , except Zbuff

C ;
◦ depending upon reaction of reactive particles of pure car-

bon for Zbuff
C ;

◦ imposed by kinetics data for Ybuff
NO and Ybuff

HCN;
◦ the sum of exchange terms with solid particles held

within the volume and value depending upon heteroge-
neous reaction of reactive particles inside the volume for
Hbuff.

.4.3. Bubble zone
Assuming plug flow within this solid free region, the trans-

ort of chemical elements and enthalpy is governed by a one-
imensional equation:

∂εb ρemulξ
bub

∂t
= −ρemul

[
∂U ξbub

∂z

]
+ aϕvol ξ

buff
∣∣∣
z,y=0

+ ρemulaD
∂ξbuff

∂y

∣∣∣∣∣
z,y=0

+ εbR
bub
ξ (4)

here:

(z) = U1 − Umf + (1 − β)ṁvolz

ρemulAcLbed (5)

Eq. (4) is obtained using balances over a control volume of
as Acεb dz inside the bubble zone:

Ac dz
∂ρemul εbξ

bub

∂t
stands for accumulation of ξ inside the

volume;
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• Acρemul(U(z)ξbub(z) − U(z + dz)ξbub(z + dz)) = −Acρemul

dz
∂U ξbub

∂z
stands for net transport of ξ by ascending fluidizing

air inside the volume;
• aAc dz ϕvolξ

buff|z,y=0 represents the supply of ξ by the
transversal flow of volatiles from emulsion to bubble;

• ρemulaD
∂ξbuff

∂y

∣∣∣
z,y=0

represents the supply of ξ by diffusion at

the boundary of the buffer zone;
• Acεb dz Rbub

ξ stands for the source term of ξ inside the volume:

◦ it is zero for all chemical element Zbub
k (no solid particles

inside the volume);
◦ its value imposed by kinetics data for Ybub

NO and Ybub
HCN;

◦ it is zero for Hbub (no solid particles inside the volume).

Eq. (5) is obtained using a global mass balance over the same
volume. The function U introduced stands for the superficial
velocity of gas within the bubbles.

2.4.4. Disengagement
The solid material present in this zone originates from burst-

ing of bubbles at the top of the dense bed [23]. The presence of
sand and particles implies heterogeneous transfers and reactions
that affect greatly the global conversion rate.

Supposed to be a completely stirred tank reactor, disengage-
ment is described by the following equation for enthalpy and
e

ε buff(

(
ρe

T
A

•

•

•

•

•

•
•
•

•

geneous reaction of reactive particles inside the zone for
Hdis.

2.4.5. Post-combustion zone
This zone is the upper part of the freeboard (free of solids) and

where different homogenous reactions occur. The assumption
of complete mixing within this region leads to the following
equation:

Ac
∂ρfuel L

postξpost

∂t
= (Acρemul(U(Lbed) + Umf) + βṁvol

+ γṁair,sec + ṁgas)[ξ
dis − ξpost]

+ (1 − γ)ṁair,sec[ξair − ξpost]

+ AcL
postR

post
ξ (7)

This equation is obtained using a balance over the volume of gas
AcLpost held in the post-combustion zone:

• Ac
∂ρfuel L

postξpost

∂t
stands for accumulation of ξ in the zone;

• (Acρemul(U(Lbed) + Umf) + βṁvol + γṁair,sec + ṁgas)ξdis

stands for supply of ξ from the disengagement;
• (1 − γ)ṁair,secξ

air accounts for the supply of ξ by the sec-
ondary air;

•

•

2

s
p

w
W
a
u
t
t
a

lements:

d
∂ρemul L

disξdis

∂t
= ρemulU(Lbed)ξbub

∣∣∣
z=Lbed

+ aρemulUmf

∫ δ

0
ξ

+ γ
ṁair,sec

Ac
ξair + ṁgas

Ac
ξgas + LdisεdR

dis
ξ −

his equation is obtained using a balance over the volume of gas
cεdLdis held within the zone:

Acεd
∂ρemul L

disξdis

∂t
represents the accumulation of ξ within the

disengagement;
AcρemulU(Lbed)ξbub|z=Lbed stands for the supply of ξ by the
gas issuing from the bubble zone;
AcaρemulUmf

∫ δ

0 ξbuff(y, Lbed)dy denotes the supply of ξ by
the gas issuing from the buffer zone;
Ac(1 − aδ)ρemulUmfξ

emul stands for the supply of ξ by the gas
issuing from the emulsion zone;
βṁvolξ

vol accounts for the supply of ξ by the volatiles released
within the zone;
γṁair,secξ

air stands for the supply of ξ by the secondary air;
ṁgasξ

gas represents the supply of ξ by the auxiliary gas;
(Acρemul(U(Lbed) + Umf) + βṁvol + γṁair,sec + ṁgas)ξdis

represents the transport of ξ by the flow leaving the zone;
AcL

disεdR
dis
ξ stands for the source term of ξ within the zone:

◦ it is zero for all chemical element Zdis
k , except Zdis

C . In this
last case, it is depending upon reaction of reactive particles
of pure carbon for Zdis

C ;
◦ it is imposed by kinetics data for Ydis

NO and Ydis
HCN;

◦ it is given by the sum of exchange terms with solid particles
held within the zone and value depending upon hetero-
y, Lbed)dy + (1 − aδ)ρemulUmfξ
emul + βṁvol

Ac
ξvol

mul(U(Lbed) + Umf) + βṁvol

Ac
+ γ

ṁair,sec

Ac
+ ṁgas

Ac

)
ξdis (6)

(Acρemul(U(Lbed) + Umf) + βṁvol + γṁair,sec + ṁgas +
(1 − γ)ṁair,sec)ξpost represents the output of ξ from the zone;
AcL

postR
post
ξ stands for the source term of ξ in the zone:

◦ it is zero for all chemical element Z
post
k (no solid particles

inside the volume);
◦ it is imposed by kinetics data for Y

post
NO and Y

post
HCN;

◦ it is zero for Hpost (no solid particles).

.4.6. Reactive particles
The particle size distribution function is computed as the

olution of the following equation, which is obtained from a
opulation balance of particles that range between r and r + dr:

∂Wc ϕ

∂t
= ṁ0ϕ0 − F1ϕ − F2ϕ − Wc

∂ω ϕ

∂r
+ 3

Wcϕω

r
(8)

here ϕ represents the distribution function (on a mass basis),
c the total mass of reactive particles held inside the furnace,

nd ω is the rate of shrinkage of a single particle (computed
sing both kinetics and mass transfer limitation). The evalua-
ion of this last datum requires the knowledge of the particle
emperature, which is computed using an enthalpy balance over
single particle (as seen later in this paragraph).
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The different terms arising in Eq. (8) have the following sig-
nification:

• ∂Wc ϕ
∂t

dr stands for the accumulation of mass particle inside
the range r, r + dr;

• ṁ0ϕ0 dr represents the supply of mass of particle inside the
range under consideration by the pyrolysis of waste (residue
of fixed carbon);

• (F1 + F2)ϕ dr accounts for the output of mass of particles by
carry-over and elutriation;

• Wc(ω(r, t)ϕ(r, t) − ω(r + dr, t)ϕ(r + dr, t)) = −Wc dr
∂ω ϕ
∂r

stands for the net increase of mass of particles by their input
and output of the range r, r + dr;

• 3Wcϕ ω
r

dr disappearance of mass of solid particles because of
heterogeneous reaction inside the range (the term ω is nega-
tive).

In this last term, ω is the average rate of shrinkage of particle
depending upon external mass transfer of oxygen at the surface
of the particle and kinetics of the reaction (heterogeneous reac-
tion C(s) +ΛO2 → (2 − 2Λ)CO + (2Λ − 1)CO2).

The temperature is the solution of the following non-linear
ordinary differential equation (energy balance equation over a
particle of radius r) assuming equal-probability of presence of
reactive particles over the emulsion, the buffer zone and the
disengagement zone.

rHC

− ε

(1 −
T
p
t
w
m
a
o
W
w
a
fl
t
a
t
b
t
r

b
b
a

g∫

2.4.7. Boundary conditions
The following spatial boundary conditions must apply for the

buffer:

ξbuff(y = 0, z, t) = ξbub(z, t); ξbuff(y = δ, z, t) = ξemul(t);

ξbuff(y, z = 0, t) = ξair(t) (11)

As Lbed and δ depend on the temperature and chemical com-
position of the emulsion (which both highly change with time),
right and upper boundaries (z = Lbed, y = δ) behave as “moving”
boundaries.

The following boundary condition applies for the bubble:

ξbub(z = 0, t) = ξair(t) (12)

The mathematical modeling of a fluidized bed reactor must not
be limited to this hydrodynamic description of the bed. Indeed,
specific issues such as drying, pyrolysis, char burn out, and
combustion of the volatiles have to be addressed. Dealing with
chemistry of the system, chemical equilibrium is supposed to be
reached for O2, N2, CH4, H2, H2O, CO, CO2, C6H6, HCl, Cl2,
SO2, SO3, H2S inside the gas held within each region, whereas,
NO and HCN are supposed to be under kinetic control. A spe-
cific post treatment is used to compute NO production both by
thermal and fuel bound mechanisms.

c
k

t
t
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4πr2�

× (T̄ buff − Tc) + (1 − αrp)hrp(T emul − Tc)
(1

he preceding equation states that accumulation of heat by the
article is due to heterogeneous reaction (within the buffer and
he disengagement, Rzone

s stands for the local rate of reaction
ithin each zone) and exchange with gas held in the disengage-
ent, the buffer (represented by an average temperature T̄ buff)

nd the emulsion zone. Parameter Wαrp stands for the mass
f reactive particles present in the disengagement zone while
(1 − αrp) represents the mass of reactive particles present
ithin the buffer and emulsion zones. This value is computed

ccording to the work of Marias et al. [15,16]. Indeed, a mass
ow rate of solid particles brought to the freeboard of the bed by

he bursting of bubbles is computed. Then, assuming that they
re brought back to the bed at their terminal velocity, one is able
o compute the residence time of the particles inside the free-
oard. The evaluation of their mass is simply performed dividing
he mass flow rate of solid particles brought to the bed by their
esidence time inside the bed.

In Eq. (9), hrp stands for the total heat transfer coefficient
etween solid reactive particles and bubbles. It was estimated
y the correlations proposed by Prins [19] for both convective
nd radiative heat transfer within a hot fluidized bed of sand.

Finally, to normalize the size distribution, the following inte-
ral equation is required:

∞

0
ϕ(r, t)dr = 1 (10)
+ αrphrp(T dis − Tc)4πr2 + (1 − αrp)
aδ4πr2

(1 − εb)
hrp(r, t)

b − aδ)

εb)
4πr2 (9)

Finally, the size distribution of particles of pure carbon is
omputed assuming that their reaction rate is controlled both by
inetics and by oxygen transfer to the surface of the particle.

Some more algebraic equations are required to evaluate both
he different source terms occurring within the differential equa-
ions and the bed properties. All these complementary equations
ere already presented by Marias et al. [15,16]. The scope of

his paper is not to present the whole model but to give the reader
ome information about the way it is set-up (interested reader
hould refer to these papers).

. Model results

.1. Energetic model validation

Numerous computations have been carried out to predict the
imit of moisture content in terms of auto-combustion and safe
rocessing (no damage of the reactor) for different sludges (pri-
ary sludge, activated sludge and digested sludge). These limits

ave been fixed on a lower and a higher thermal level, which
re 850 and 1100 ◦C, respectively. A temperature of 850 ◦C is
equired in order to complete combustion of the sludge, and to
atisfy environmental regulation. The limit of 1100 ◦C is rela-
ive to the melting of flying ashes that could stick to the wall of
he furnace and damage it. To ensure nominal processing con-
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Table 1
Analyses of the sludge under consideration

Primary sludge Activated sludge Digested sludge

Proximate analysis (wt.%)
Moisture (raw) To be determined To be determined To be determined
Ash (db) 0.35 0.23 0.50
Volatiles (daf) 0.65 0.77 0.50
Fixed carbon (daf) 0 0 0

Lower heating value (J kg−1 dry) 15.12 × 106 17.28 × 106 10.8 × 106

Ultimate analysis (wt.% daf)
C 51.5% 53% 49%
H 7% 6.7% 7.7%
O 35.5% 33% 35%
N 4.5% 6.3% 6.2%
S 1.5% 1% 2.1%

Table 2
Computed values for moisture content and air in excess to reach 850 ◦C in post
combustion

Primary
sludge

Activated
sludge

Digested
sludge

Moisture (raw, %) 62.6 63.5 51
Air in excess (%) 45.8 38.8 39.9
Computed temperature (◦C) 855 847 855
Computed O2 (%) 6.06 5.91 6.06

ditions, the secondary air-flow rate has been adjusted in order to
keep a value of 6% of O2 in the post combustion. Characteristics
of the considered sludges are reported in Table 1, whereas, com-
putations results are presented in Tables 2 and 3. These tables
yield the two upper quoted limits as well as the ratios of air in
excess that have been used to reach the specification of oxygen
content in the post combustion.

Because of its conception, the model has been set-up to com-
pute operating conditions (temperature, composition, particle
size distribution . . .) for a given set of operating parameters
(mass flow rate of sludge, of air, moisture content of sludge . . .).
In this paper, the operating parameters are needed in order to ful-
fill a set of operating conditions. Consequently, successive runs
have been done to reach the desired conditions. Because they
are not exactly 6% of O2 and 850 ◦C (or 1100 ◦C), the exact
value of oxygen content and temperature in the post combustion
zone that have been computed and reported for any sludge under
consideration.

In a goal of comparison, the researched parameters (mois-
ture content and ratio of air in excess) have been computed by a

Table 3
Computed values for moisture content and air in excess to reach 1100 ◦C in post
combustion

Primary
sludge

Activated
sludge

Digested
sludge

M
A
C
C

simpler approach, which considers fluidized bed incinerator as
a completely stirred tank reactor. For this computation, it is also
assumed that carbon, hydrogen, nitrogen and sulfur are com-
pletely converted to carbon dioxide, water, nitrogen oxide and
sulfur dioxide. A global mass balance, a balance on chemical
element oxygen and an energy balance yield the limit moistures
as well as the corresponding air in excess. Table 4 summarizes
the results obtained from this simplified computation.

First of all it can be verified that the buffer-zone model
gives good predictions for the moisture content corresponding
to self-incineration. Indeed, the dryness of primary, activated
and digested sludges reported by OTV [31] from industrial data
are 42.5%, 37% and 45.5%, whereas, the model predicts 37.4%,
36.5% and 49%, respectively. The values, which should not be
exceed have been estimated from the model to 49.9%, 48%, and
66.25%, respectively. The highest dryness (either for lower limit
or for upper limit) is reached in the case of the digested sludge,
which has the lower heating value.

The results also indicate that, for every kind of sludge under
consideration, approximately 40% of air in excess should be
brought to the furnace to reach environmental regulation.

The results predicted by both the detailed model and the sim-
plified approach show very good agreement for the two limits
of moisture content. However, some slight differences on the
prediction of the air in excess (that should be supplied to the fur-
nace) can be noted. This discrepancy arises from the difference

T
R

P

A

D

oisture (raw, %) 50.1 52.0 33.75
ir in excess (%) 44.6 41.0 41.1
omputed temperature (◦C) 1120 1108 1098
omputed O2 (%) 6.02 6.00 5.85
able 4
esults of the simplified CSTR computation

Tpost = 850 ◦C,
y

post
O2

= 6%
Tpost = 1100 ◦C,
y

post
O2

= 6%

rimary sludge
Moisture (raw, %) 62.2 50.1
Air in excess (%) 53.2 48.1

ctivated sludge
Moisture (raw, %) 64.1 50.9
Air in excess (%) 51.1 46.5

igested sludge
Moisture (raw,%) 50.7 35.4
Air in excess (%) 49.7 45.7
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Fig. 4. Transient simulation of the start up of the fluidized bed with auxiliary gas. Lately shut down of extra gas. Upper left: evolution of ratio of mass flow rate of
sludge fed to the bed and slag extracted from the bed to nominal mass fraction of incoming sludge; upper right: evolution of temperatures inside the reactor; lower
left: mass fraction of species at the output of the furnace (post combustion); lower right: mass concentration of species at the output of the furnace (post combustion).

for the prediction of chemical reactions. Indeed, in the simpli-
fied CSTR model, all the carbon and hydrogen are expected to
be fully oxidized to carbon dioxide and water. In a different way,
the buffer-zone model is based on chemical equilibrium com-
putations. Consequently, a part of the carbon can be released
as carbon monoxide and a part of the moisture content (of the
sludge) can be converted to hydrogen following water gas shift
reaction CO + H2O ↔ CO2 + H2. This limits the requirements
of oxygen from the incoming air, because some oxygen is trans-
ferred from the water content of the sludge. These phenomena
lead to a decrease in the air requirements and explain the differ-
ence between the two model predictions.

3.2. Transient model results

The presented model also allows transient predictions. The
effects of the modification of an operating parameter can be
checked not only on the final set of operating conditions but also
on the transient ones. Fig. 4 illustrates such results that could be
obtained at the start up of a unit. More precisely, some extra gas
is used in order to raise the temperature of the incinerator before
the processing of sludge (activated sludge). But, in this example
of start up, the extra gas is shut down too late (4000 s) and the
secondary air-flow rate is not sufficient to keep the oxygen level
up to 6% in the post combustion zone. The extra gas leads to
o
t
a

impact of these high temperatures is the high value of carbon
monoxide production. Indeed, because chemical equilibrium is
assumed, the high temperatures lead to the dissociation of car-
bon dioxide into oxygen and carbon monoxide. Then when the
temperature is decreased and when secondary air is added to the
system at 4000 s in order to reach the legal 6% of oxygen in the
post combustion, the carbon monoxide is wholly converted to
carbon dioxide. The second effect of these high temperatures is
relative to the high values of the nitric oxide emissions: above
1100 ◦C (500 s) the whole part of the fuel bound nitrogen is con-
verted to NO while it is kept into HCN below this value. Finally,
the stationary conditions are reached and for a moisture content
of 63.5% on raw basis, the temperature of the post combustion is
stabilized at 850 ◦C. These results show good qualitative agree-
ment to what can be expected. However, this model has to be
fully tested before being used intensively.

4. Conclusion

A detailed model for the fluidized bed incineration of sludge
has been presented. It is able to compute composition of the
gas held inside the furnace (in terms of O2, N2, CH4, H2, H2O,
CO, CO2, C6H6, HCl, Cl2, SO2, SO3, H2S, NO, and HCN mass
fractions) the temperature and the particle size distribution of
pyrolysis residue with respect to time. Its main characteristic
i
t
c

verly high temperature levels in the reactor (one can notice that
he furnace is not isothermal and that the highest temperatures
re expected to occur within the disengagement zone). The first
s that the combustion of the volatiles at the surroundings of
he bubbles is described by adding a third zone to the classi-
al two-phases description of bubbling fluidized beds. Both the
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main assumptions and the principal equations have been written.
Results of a start up procedure have been presented in order to
illustrate the ability of the model to accurately describe transient
behavior. In the validation procedure of this model, preliminar-
ies studies have been performed. The limit values of the dryness
of three different sludges have been computed. The lower limit
corresponds to self-incineration, whereas, the upper one cor-
responds to maximal working temperature. The results are the
following (in terms of dryness range):

• primary sludge: [42.5%; 49.9%];
• activated sludge: [37.0%; 48.0%];
• digested sludge: [45.5%; 66.3%].

The results show good agreement with the literature, at least
for the prediction of the lower dryness. Moreover, this computa-
tion has been compared to the prediction of a simplified model
that assumes the whole incinerator to be a completely stirred
reactor, with complete oxidation of carbon, hydrogen, nitrogen
and sulfur. The discrepancies between the two models show the
importance of the prediction of the chemical reactions. Indeed,
chemical equilibrium gives more accuracy and allows for bet-
ter description of the chemistry of the system especially at high
temperature.
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